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The mechanism of the Cope rearrangement, the [3,3]-sigma-
tropic rearrangement of 1,5-hexadiene, is believed to involve a
chairlike transition state ofC2h symmetry.1-4 In a simple valence
bond perspective, the wave function at each point on the potential
energy surface (PES) may be regarded as a resonance hybrid of
the five ways of coupling the six active electrons to form a singlet
state. Along aC2h cut of the PES, as the distanceRbetween atoms

C1 and C6 increases, the wave function changes from predomi-
nantly 1,4-cyclohexanediyl to aromatic to predominantly bis-allyl.
Most ab initio methods employing at least the 6-31G* basis set
lead to the conclusion that the actual transition state is dominated
by the “aromatic” combination of two resonance structures, the
best estimates of the C1-C6 bond length being near 1.8 Å.1,2

Several experimental5-9 and, more recently, computational10-13

studies concern the effects of various radical stabilizing substit-
uents on the geometry and “diradical character” of the Cope
rearrangement transition structure. Here we propose a one-particle
density function,u(r ), which reflects the extent of the radical
character in molecules of any spin multiplicity, including singlets.
By computing this electron distribution for the Cope rearrange-
ment of 1,5-hexadiene, we show that, along aC2h cut of the PES,
the extent of diradical character reaches a minimum near the
transition state geometry.

The term “diradical” is broadly applied to any species which
is believed to contain two unpaired electrons. In a more restricted
sense, a diradical is a molecule in which unpaired electrons are,
on the average, separated by a large distance and, as a result, are
only weakly coupled.14 Despite intense speculation in the past
about the extent of “diradical character” of the Cope rearrange-

ment transition state, it is unclear how one would count unpaired
electrons, if any, in this system.15 Indeed, the exact uncompensated
spin density,Fu(r ) ) FR(r ) - Fâ(r ), contains no indication of the
presence of unpaired electrons because, in a singlet system,Fu(r )
is zero at all positions in space. So far, assessment of the extent
to which a particular Cope rearrangement geometry is a diradical
has been based on such computational evidence as (i) magnetic
properties suggesting the presence or absence of ring current
effects characteristic of aromatic structures,3 (ii) the ratio of the
coefficients of leading configurations in a configuration interaction
(CI) expansion,4 and (iii) the magnitude of〈S2〉 for a broken spin,
symmetry-unrestricted calculation (for example, UB3LYP).12,16

The radical character of individual atoms can be characterized
by various indices extracted in an electron population analysis,
as for instance, the free valence index of Mayer17 generalized to
post-Hartree-Fock wave functions. However, such indices suffer
from all the shortcomings of the adopted population analysis
scheme. We propose a continuous distribution, called the “density
of effectively unpaired electrons”, defined as

whereF(r ) is the charge density andF(r |r ′) is the spin-free first-
order reduced density matrix.18 The functionu(r ) describes the
spatial distribution of electrons of either spin in orbitals not
matched by orbitals with electrons of the opposite spin. If the
wave function is a single spin-restricted Slater determinant (RHF),
then one can show thatu(r ) is identical to the usual spin density,
Fu(r ). That is,u(r ) ) 0 for a single closed-shell determinant and
u(r ) ) Fu(r ) for a restricted high-spin open-shell determinant.
However, for a general CI wave function,u(r ) is not equivalent
to Fu(r ), and this furnishes new information about the distribution
of electrons with opposing spins and, hence, the radical character
of the system. A Mulliken population analysis scheme applied to
u(r |r ′) gives effective numbers of unpaired electrons associated
with each atom. These coincide with Mayer’s free valence in the
case of RHF and CI wave functions for singlet states but differ
in all cases of a nonzero spin density.

The integral ofu(r ) over the entire space,

gives the total number of effectively unpaired electrons. It can
be shown19 that, for an unrestricted Hartree-Fock (UHF) wave
function, one hasn ) 2[〈S2〉 - M2], where 〈S2〉 is the average
value of the total spin squared andM is the spin projection
quantum number. For a pair of widely separated hydrogen atoms,
coupled as either singlet or triplet and described with either a
UHF or a CI wave function, the definition givesn ) 2, as should
be expected.
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We computed the density matrixu(r |r ′) associated withu(r )
for several possible geometries of the Cope reaction along the
C2h cut representing diyl, aromatic, and bis-allyl structures. All
geometries were optimized with Gaussian 98 at the UB3LYP/6-
31G* level using the integration grid having 99 radial shells and
974 angular points per shell.20 In our calculations, the transition
state appears as a relative energy minimum along theC2h cut of
the PES at the C1-C6 distanceRq ) 1.966 Å. The diyl is
represented by theC2h structure optimized with the distance C1-
C6 frozen atR) 1.54 Å (the typical C-C bond length in alkanes)
and having a pseudoaxial orientation of the hydrogens attached
to C2 and C5. The bis-allyl is the structure optimized withR
frozen at 4.0 Å, and is essentially a complex of two nearly planar
allyl fragments. NearRq, unrestricted and restricted density
functional theory (DFT) calculations give the same result, i.e.,
〈S2〉UB3LYP ) 0. Density matricesu(r |r ′) were generated in the
6-31G* basis from 6e-/6 orbital complete active space self-
consistent field (CASSCF), multireference configuration interac-
tion (MRCI, perturbatively selected single and double excitations
from the 6e-/6 orbital CAS), and broken symmetry UHF wave
functions. The MELD21 series of programs was used for these
steps, except that the CASSCF wave functions were obtained with
the HONDO22 program. Note that DFT does not produce a
meaningful density matrix and would have givenu(r ) ≡ 0 at the
transition state.

Total numbers of effectively unpaired electrons computed with
these wave functions and CASSCF Mulliken unpaired electron
populations on carbons are summarized in Table 1. The contour
plots of u(r ) from the CASSCF wave function for the diyl,
aromatic, and bis-allyl structures are shown in Figure 1. AtR )
1.54 Å, the shape of the unpaired electron distribution closely
resemblesp orbitals localized on atoms C2 and C5. Considering
that Table 1 shows 0.86 unpaired electron on both atoms C2 and
C5 and little on the other carbons, this structure has all the
expected diradical features of 1,4-cyclohexanediyl.23

The structures nearRq exhibit a relatively low unpaired electron
density with comparable populations on all carbons. This cyclic
delocalization of unpaired electrons suggests domination of the

“aromatic character”.24 As the distance between the allyl groups
is increased to near the dissociation limit, the distribution becomes
similar to that for a pair of free allyl radicals: a depletion ofu(r )
in the mirror plane drawn through C2-C5 is accompanied by an
accumulation in the C1-C3-C4-C6 plane with 0.59 unpaired
electron on each of the atoms C1, C3, C4, and C6. Because of
the high spin-polarization at the central carbon of allyl, the
unpaired electron population at C2 and C5 remains appreciable
in bis-allyl. As documented in the Supporting Information, Mulli-
ken unpaired electron populations are not drastically affected by
the type of the wave function employed. The CASSCF, UHF,
and MRCI results show the same trend. Remarkably, this is also
the trend found for absolute values of Mulliken atomic spin densi-
ties from the UHF wave function (see Supporting Information).

In summary, this study demonstrates that the unpaired electron
character of singlet diradicals can be described in a rigorous
manner. In the example of the Cope rearrangement PES, the total
number of effectively unpaired electrons passes through a
minimum near the predicted transition state geometry. As the two
allyl groups are brought close together or moved apart, a
redistribution of effectively unpaired electrons takes place, and
the overall number of such electrons increases. Thus, the Cope
rearrangement transition state can be justly referred to as
predominantly aromatic. This conclusion has been also confirmed
by calculations of magnetic susceptibility exaltations.3
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Table 1. Effective Number of Unpaired Electrons (n) and
CASSCF Mulliken Unpaired Electron Populations (nC

CASSCF) at
Selected Cope Rearrangement Geometries alongC2h Cut of PES

n nC
CASSCF

R, Å CASSCFa MRCIb UHFc C2,5 C1,3,4,6

1.54 1.99 2.80 2.03 0.86 0.05
1.75 1.38 1.89 1.83 0.47 0.11
1.966 1.05 1.55 1.45 0.24 0.14
2.0 1.05 1.55 1.41 0.22 0.15
2.25 1.17 1.58 1.80 0.17 0.21
2.50 1.49 1.73 2.35 0.17 0.29
3.00 2.23 2.37 2.76 0.18 0.47
3.50 2.62 3.07 2.85 0.19 0.56
4.00 2.74 3.26 2.87 0.19 0.59

a The 6e-/6 orbital CAS includes 52 spin-adapted configurations.
b MRCI wave functions include from 221 444 to 451 207 spin-adapted
configurations.c Broken symmetry UHF solution inCs. Here,n ) 2〈S2〉.

Figure 1. Density u(r ) computed with CASSCF wave functions at
selected geometries along theC2h cut. The plots are in the C1-C3-
C4-C6 plane (left panels) and the perpendicular mirror plane drawn
through C2 and C5 (right panels). From top to bottom:R ) 1.54 Å,Rq

) 1.966 Å, andR ) 4.0 Å. The same set of density levels is used for all
panels. The outermost contour corresponds to 0.001e/a0

3. Densities of
consecutive levels differ by a factor of 101/3.
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